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Abstract. A transcendental function usually returns transcendental values at algebraic
points. The (algebraic) exceptions form the so-called exceptional set, as for instance the
unitary set {0} for the function f(z) = ez , according to the Hermite-Lindemann theorem.
In this note, we give some explicit examples of transcendental entire functions whose
exceptional set are empty.
1 Introduction
An algebraic function is a function f(x) which satisfies P (x, f(x)) = 0 for some
nonzero polynomial P (x, y) with complex coefficients. Functions that can be con-
structed using only a finite number of elementary operations are examples of alge-
braic functions. A function which is not algebraic is, by definition, a transcendental
function — e.g., basic trigonometric functions, exponential function, their inverses,
etc. If f is an entire function, namely a function which is analytic in C, to say
that f is a transcendental function amounts to say that it is not a polynomial.
By evaluating a transcendental function at an algebraic point of its domain, one
usually finds a transcendental number, but exceptions can take place. For a given
transcendental function, the set of all exceptions (i.e., all algebraic numbers of the
function domain whose image is an algebraic value) form the so-called exceptional
set (denoted by Sf ). This set plays an important role in transcendental number
theory (see, e.g., Ref. [13] and references therein). For instance, it can be used for
proving that e and pi are transcendental numbers [4]. The Hermite-Lindemann
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theorem (1884) was the first general result in this direction [1]. For our purposes,
it is suitable to state this theorem in the following simple form.
Theorem (Hermite-Lindemann). The number ez is transcendental for all non-zero
algebraic values of z.
Therefore, Sf = {0} for f(z) = ez. This ‘almost empty’ result led people to
search for a transcendental function that could yield transcendental values for all
algebraic points. The existence of such transcendental functions was first proved by
Sta¨ckel (1895), as a corollary of his main theorem in Ref. [11].
Theorem (Sta¨ckel). For any countable set A ⊆ C and each dense set T ⊆ C,
there is a transcendental entire function f such that f(A) ⊆ T .
By putting A = Q and T = C \Q , where Q is the set of all complex algebraic
numbers, it follows that there exists a transcendental function whose exceptional
set is empty. In 2006, Surroca [12] remarked that under the hypothesis of the
Schanuel’s conjecture the function ee
z
takes transcendental values for all z ∈ Q.
In a recent paper, Huang et al [6] proved that any A ⊆ Q is the exceptional set
of uncountable many transcendental entire functions f (see [10] for the hypertran-
scendental version).
The aim of this paper is to explicit the constructions made in [6] in order to
produce examples of such functions in the case A = ∅. Along the way, we find some
simple examples of transcendental functions with an empty exceptional set. More
precisely, our main result is the following
Let {α1, α2, . . .} be an enumeration of Q. We define the function U : C×C→ C
as
(1) U(w, z) :=
∞∑
n=1
wn
[1 +
∑n
k=1 |σk(α1, . . . , αn)|] (|w|n + 1) n!
(z − α1) · · · (z − αn) ,
where σk is the k-th elementary symmetric polynomial.
Theorem 1. For any positive real number t and any algebraic number α, the num-
ber U(t, α) is transcendental if and only if t is transcendental. In particular, we
have
SU(t,·) =
{ ∅ , if t is transcendental
Q , if t is algebraic .
There are, of course, several simple examples of algebraic functions with empty ex-
ceptional sets, e.g. f(z) = pi + z, but we are interested here in transcendental functions
only.
We remark that the choice of A = ∅ is arbitrary and so we encourage the reader to
follow our approach with other choices of A ⊆ Q
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2 Some simple examples
Let f : C→ C be a transcendental function and let us denote by Sf the exceptional
set of f , i.e. the set of all z ∈ Q for which f(z) ∈ Q. Let us start our search for
transcendental entire functions with empty exceptional sets by showing the truth
of the Surroca’s remark, mentioned in the previous section. For that, we recall the
Schanuel’s conjecture, one of the main open problems in transcendental number
theory.
Conjecture 1 (Schanuel). If z1, . . . , zn are complex numbers linearly independent
over Q, then among the numbers z1, . . . , zn, e
z1, . . . , ezn, at least n are algebraically
independent.
This conjecture was introduced in the 1960’s by Schanuel in a course given by
Lang [7]. It has several important consequences, as for instance: if α is a non-
zero algebraic number, the numbers α, eα are Q-linearly independent (as conse-
quence of Hermite-Lindemann theorem), then at least two distinct numbers among
α, eα, eα, ee
α
are transcendental. Therefore ee
α
is transcendental. The Surroca’s re-
sult follows by noting that ee
0
= e1 = e. For several reformulations and applications
of Schanuel’s conjecture, see [3] and [9].
Now, we shall find unconditional examples as corollaries of some known results
from transcendental number theory. Let us mention them for making this text
self-contained.
Lemma 1 (Lindemann-Weierstrass). Let α1, . . . , αn be distinct algebraic numbers.
Then eα1 , . . . , eαn are linearly independent over Q.
For a proof of this theorem, see [1, Theorem 1.4].
Corollary 1. Let α0, ..., αn be nonzero algebraic numbers. If f(z) =
∑n
i=0 αie
z+i,
then Sf = ∅.
Proof. Let us take z ∈ Q \{0,−1, ...,−n}, so that 0, z, z + 1, ..., z + k are distinct
algebraic numbers. By Lindemann-Weierstrass theorem, the numbers e0, ez, ..., ez+n
are linearly independent over Q. Hence f(z) is transcendental. In fact, towards a
contradiction, suppose that f(z) = α ∈ Q, the we would have the Q-linear relation
αe0 −
n∑
i=0
αie
z+i = 0.
So, we need only to consider z ∈ {0,−1, ...,−n}. In this case, z + i = 0 for some
0 ≤ i ≤ n and therefore if f(z) = α ∈ Q, we get the Q-relation
(α− αz)e0 −
n∑
i=0
αie
z+i = 0
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This contradicts the fact that e0, ez
Hence ez+ez+1 has to be transcendental. For the omitted cases (i.e., z = 0 and
z = −1), f(z) is transcendental because both 1 + e and e−1 + 1 are transcendental
numbers. Therefore, Sf = ∅.
Another important result comes from the work of Baker on linear forms of
logarithms of algebraic numbers. It states that [1, Chap. 1]:
Lemma 2 (Baker). Let α1, . . . , αn be non-zero algebraic numbers and let β0, . . . , βn
be algebraic numbers, with β0 6= 0. Then the number eβ0αβ11 · · ·αβnn is transcenden-
tal.
Corollary 2. If g(z) = epi z+α, where α ∈ Q\{0}, then Sg = ∅.
Proof. Suppose that g(z) is algebraic for some z ∈ Q. Then by substituting n = 2,
α1 = g(z) = e
pi z+α, α2 = −1, β0 = −α, β1 = 1, and β2 = i z in the Baker’s theorem,
with i =
√−1, one finds that the number eβ0 αβ11 αβ22 has to be transcendental.
However, from the fact that ei pi = −1, one has
eβ0 α
β1
1 α
β2
2 = e
−α
(
eα+pi z
)1 × (−1)i z = epi z × (ei pi)i z = 1 ,
which is an algebraic number, and we have a contradiction. Therefore, g(z) can not
be algebraic for any algebraic z and then Sg = ∅.
As our last tool, let us present the Mahler’s classification scheme: Let P ∈ Z[x]
be a polynomial, the height of P , denoted by H(P ), is the maximum of the absolute
values of its coefficients. Let ξ be a complex number, and for each pair of positive
integers n, h, let P (x) be a polynomial with degree at most n and height at most h
for which |P (ξ)| takes the smallest positive value and define ω(n, h) by the equation
|P (ξ)| = h−ω(n,h). Further, define
ωn = lim suph→∞ ω(n, h) and ω = lim supn→∞ ωn.
By defining ν(ξ) as the least positive integer n for which ωn(ξ) is infinity, we
have four classes corresponding to the four possibilities for the values of ω(ξ) and
ν(ξ):
• If ω(ξ) = 0, then ξ is called an A-number.
• If 0 < ω(ξ) <∞, then ξ is called an S-number.
• If ω(ξ) =∞ and ν(ξ) <∞, then ξ is called a U-number.
• If ω(ξ) =∞ and ν(ξ) =∞, then ξ is called a T -number.
Now, we state three useful properties of this classification:
• The set of A-numbers is precisely Q.
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• If α is a nonzero algebraic number, then eα is an S-number.
• If α and β are two complex numbers having different Mahler classifications,
then they are algebraically independent.
The proofs of these, and more, facts involving the Mahler’s classification can be
found in [2, Chap. 3].
As an immediate consequence of the previous facts, we have
Corollary 3. Let P (x, y) be a non-constant polynomial with algebraic coefficients
and let t be a U or T -number. Then the function h(z) := P (ez, t) has an empty
exceptional set.
Proof. Note that h(0) is transcendental, because h(0) = P (1, t) is transcendental
(here we used the facts that t is transcendental and Q is algebraically closed). For
z ∈ Q\{0}, the number ez is a S-number and then if P (ez, t) = α ∈ Q, we would
have an absurdity as ez and t (a U or T -number) algebraically dependent (since
Q(ez, t) = 0, for Q(x, y) = P (x, y) − α). Therefore h(z) is transcendental. This
completes the proof.
3 Proof of Theorem 1
In what follows, the symbol x1 · · · x̂k · · ·xn will denote that xk is being omitted in
the product x1 · · ·xn.
Lemma 3. Given n ≥ 1 complex numbers a0, . . . , an, not all zero, the polynomial
(2) Pn(z) = a0 (z + 1) · · · (zn + 1) +
n∑
k=1
ak z
k (z + 1) · · · ̂(zk + 1) · · · (zn + 1) ,
is not the null polynomial.
Proof Suppose the contrary, i.e. Pn(z) = 0, for all z ∈ C. In particular, Pn(0) = 0
and then a0 = 0. Thus
(3) Pn(z) =
n∑
k=1
ak z
k (z + 1) · · · ̂(zk + 1) · · · (zn + 1) .
Of course, its derivative P ′n(z) is also null at z = 0. On the other hand P
′
n(0) = a1.
Therefore
(4) Pn(z) =
n∑
k=2
ak z
k (z + 1) · · · ̂(zk + 1) · · · (zn + 1) .
Similarly, we get a2 = a3 = · · · = an = 0 from the nullity of higher derivatives
P ′′n (0), P
(3)
n (0), . . ., P
(n)
n (0), respectively. But this contradicts our hypothesis on
the coefficients ak’s.
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Lemma 4. Let P (z) ∈ C[z] be a polynomial with degree n. Then
(5) |P (z)| ≤ L(P ) max{1, |z|}n ,
for all z ∈ C. Here L(P ) is the length of P , which is the sum of absolute values of
its coefficients.
Proof If P (z) = a0 + a1z + . . .+ anz
n, with an 6= 0, then
|P (z)| = |a0+a1z+ . . .+anzn| ≤ |a0|+ |a1| |z|+ . . .+ |an| |z|n ≤ L(P )max{1, |z|}n.
Recall that for k ∈ {1, ..., n}, the function
σk (x1, . . . , xn) :=
∑
1≤i1<i2<···<ik≤n
xi1xi2 · · ·xik
is known as the elementary symmetric polynomial in x1, . . . , xn. An important
property of these polynomials is that they satisfy the following identity:
(6) (z− x1) · · · (z − xn) = zn− σ1 (x1, . . . , xn) zn−1 + . . .+ (−1)n σn (x1, . . . , xn) .
Now we can prove our main result.
Proof of Theorem 1 First, we claim that the function U is analytic in C2. In fact,
set Qn(z) =
∏n
k=0 (z − αk). Then, by Lemma 4, |Qn(z)| ≤ L(Qn) max{1, |z|}n,
for all z ∈ C. On the other hand, due to the identity in (6), L(Qn) =
1 +
∑n
k=0 |σk(α1, . . . , αn)|. Thus
|U(w, z)| ≤
∞∑
n=1
|w|n
(1 +
∑n
k=1 |σk(α1, . . . , αn)|)(|w|n + 1)n!
L(Qn)max{1, |z|}n
≤
∞∑
n=1
max{1, |z|}n
n!
= emax{1,|z|}
Therefore, this function is well defined and, in fact, analytic in C2 (Weierstrass
M -test). Given a pair (t, α) ∈ R+ × Q, we have α = αj+1 for some j ≥ 0. Thus
substituting z = α and w = t in Eq. (1) and multiplying both sides by (t+ 1)(t2 +
1) · · · (tj + 1), we get
(7)
j∑
k=1
akt
k(t+ 1) · · · ̂(tk + 1) · · · (tj + 1) = U(t, α)
j∏
k=1
(
tk + 1
)
where the coefficients
ak =
(α− α1) · · · (α− αk)
[1 +
∑n
k=1 |σk(α1, . . . , αn)|] n!
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are algebraic numbers. According to Lemma 3, Equation (7) means that the number
t is a root of the non-zero polynomial
(8) Pn(z) = −U(t, α)(z + 1) · · · (zj + 1) +
j∑
k=1
akz
k(z + 1) · · · ̂(zk + 1) · · · (zj + 1) .
However the polynomial Pn(z) ∈ Q[z] if and only if U(t, α) ∈ Q. Since the set Q is
algebraically closed and Pn(t) = 0, we conclude that t is transcendental if and only
if U(t, α) is transcendental.
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